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Abstract In this paper, we investigate a system of quantum electrodynamics with cut¬ 
offs. The total Hamiltonian is defined on a tensor product of a fermion Fock space and 
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regularity conditions, the total Hamiltonian has a ground state for all values of cou¬ 
pling constants. In particular, its multiplicity is finite. 
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1 Introduction 

This articles is concerned with a system of quantum electrodynamics with cutoffs. In quantum field 
theory, the interactions of charged particles and photons are described by quantum electrodynamics. 
We consider the system of a massive Dirac field coupled fo a radialion field. The radiation filed is 
quantized in the Coulomb gauge. In this system, the process of electron-positron pair production 
and annihilation occurs. We mathematically investigate the spectrum of the total Hamiltonian for 
the system. The Hilbert space for the system is defined by a tensor product of a fermion Fock space 
and boson Fock space, which is called a boson-fermion Fock space. The total Hamiltonian is given 
by 



-fKii [ ^n(^)^ii(y) (y^(x)t/r(x)r/r^(y)r/r(y) (g) ll) dxdy 

Jr3xR 3 |x-y| ' 

on the Hilbert space. Here Hd and //rad denote the energy Hamiltonians of the Dirac field and 
radialion field, respectively, the Dirac field operator, A(x) = (Ay(x))y^j the radiation field 
operator, a = {aj )k4x 4 Dirac matrices, and ;ti(x) and ;tii(x) the spatial cutoffs. The constants 
Kj € R and fCn G R are called coupling constants. Ultraviolet cutoffs are imposed on V^(x) and A(x), 
respectively. 

By making use of the spacial cutoffs and ultraviolet cutoffs, //qed is self-adjoint operator on 
the Hilbert space, and the spectrum of //qed is bounded from below. The main interest in this pa¬ 
per is the lower bound of the spectrum of //qed- If the infimum of the spectrum of a self-adjoint 
operator is eigenvalue, the eigenvector is called ground state. The infimum of the spectrum of 
Hq = Hd (g) 11 -|- 11 (g) //rad is eigenvalue, but it is embedded in continuous spectrum. This is because 
the radiation field is a massless field. If is not clear that //qed has a ground state since the embedded 
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eigenvalue is not stable when interactions are turned on. 

The ground state of //qed for sufficiently small values of coupling constants was proven in |[22l . 
The aim of this paper is to prove that //qed has a ground state for all values of coupling constants. In 
particular, its multiplicity is finite. For the ground states of other QED models, Dimassi-Guillot ifTH 
and Barbaroux-Dimassi-Guillot Q investigated the system of the Dirac field in external potential 
coupled fo fhe radiation field. They proved fhe existence of the ground state of the total Hamiltonian 
with generalized interactions for sufficiently small values of coupling constants. As far as we know, 
the existence of the ground states for the systems of a fermionic field coupled fo a massless bosonic 
field, which include QED models, has nof been proven for all values of coupling consfanfs unfil now. 

To prove fhe exisfence of fhe ground sfafe of //qed for all values of coupling consfanfs, we apply 
fhe mefhods for sysfems of parficles coupled bosonic fields. The spectral analysis and scattering 
theory for these systems, which include the non-relativistic QED models, have been progressed 
since the middle of ’90s. The existence of the ground states was established by Arai-Hirokawa ll3i . 
Bach-Erohlich-Sigal 15] 0, Gerard lT4l . Griesemer-Eieb-Eoss Uhl, Eieb-Eoss l20l . Spohn 1^ and 
many researchers. The strategy is as follows. 

[1st Step] We introduce approximating Hamiltonians Hm, m > 0. Physically, m > 0 denotes the 
artificial mass of photon, and we call Hm a massive Hamiltonian. To prove the existence of ground 
states of H,n, we use partition of unity on Eock space, which was developed by Derezihski-Gerard 
ma. We especially need the partitions of unity for both Dirac field and radiafion field. By fhe 
partitions of unify and fhe Weyl sequence mefhod, we prove fhaf a posifive specfral gap above fhe 
infimum of fhe specfrum exisfs for all values of coupling consfanfs. Erom fhis, fhe exisfence of fhe 
ground sfafes of H,„ for all values of coupling consfanfs follows. 

[2nd Step] Eef be the ground state of m > 0. Without loss of generality, we may assume 
that the 'Em is normalized. Then, there exists a subsequence of with < mj, j G N, 

such that the weak limit of exists. The key point is to show that the the weak limit is 

non-zero vector. To prove this, we consider a combined method of Gerard llT4l and Griesemer- 
Eieb-Eoss in lIT^ . We use the electron positron derivative bounds and photon derivative bounds. To 
derive these bounds, the argument of the spatially localization is needed. Eor the spatially localized 
conditions, we suppose 



I addition. We imposed momentum regularity conditions on the Dirac field and radiation field, 
which include the infrared regularity condition 
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We briefly review the results for the systems of fermionic fields coupled bosonic fields. For QED 
models, the Gell-Mann - Low formula of //qed was obtained by Futakuchi-Usui lIT^ . For the 
Yukawa model, which is the system for a massive Dirac field interacting with a massive Klein- 
Gordon field, the existence of the ground state was proven in 1231. The spectaral analysis for the 
the weak interaction models has been analyzed, and refer to Barbaroux-Faupin-Guillot lH, Guillot 
ifTTl and the reference therein. 


This paper is organized as follows. In section 2, full Lock spaces, fermion Lock spaces and bo¬ 
son Lock spaces are introduced, and Dirac field operators and radiation field operators are defined 
on a Fermion Lock space and boson Lock space, respectively. The total Hamiltonian is defined on 
a boson-fermion Lock space and the main theorem is stated. In Section 3, partitions of unity for 
the Dirac field and radiation field are investigated. Then the existence of the ground state of H,„ 
is proven. In section 4, the derivative bounds for electrons-positrons and photons are derived. In 
Section 5, we give the proof of the main theorem. 


2 Notations and Main Results 

2.1 Fock Spaces 

(i) Full Fock Space 

The full Fock space over a complex Hilbert space 2. is defined by 3'(2) = where ©"Z 

is the n fold tensor product of Z. The Fock vacuum is defined by = {1,0,0, ••• } £ 3“(2). Let 
2(2) be the set which consists of all linear operators on 2. The functor of 2 £ 2(2) is defined by 
r(2) = the second quantization of T £ 2(2) is given by dr{T) = with 

r(«) = ^ ((©i® t II) ©i r (g) ((g)”®!)). The number operator is defined by = dr(]l). 

,/=i 

(ii) Fermion Fock Space 

The fermion Fock space over a complex Hilbert space X is defined by 3'f(X) = ©“^o(®a^) where 
(g)”X denotes the n-fold anti-symmetric tensor product of X. The Fock vacuum is defined by 
flf = (1,0,0, • • • } £ 3“(X). Let Tf and Qf be linear operators on X. We set r/rf(7f) = r/r(7f) fjj(x) 
and rf(2f) = r(2f)|^3rj(x) where is the restriction of the operator X to the subspace M. The 
number operator is defined by Nf = drf(]l). The creation operator C^{f), / £ X, is defined by 
(Ct(/)'F)(") = -ynl/g (/(g)'F(”^t)), n > 1, and (Ct(/)'F)(°) = 0 where 17” is the projection from 
(g)”X to (g)”X. The annihilation operator C(/) is defined by C(/) = (C^(/))* where X* denotes the 
adjoint of the operator X. For each subspace M C X, the finite particle space ©{’"(M) is defined 
by the linear hull of flf and C^(/i), • • 7 = 1, •'' ,n, n £ N. The creation and annihilation 

operators satisfy the canonical anti-commutation relations on 3'f(X) : 

{C(/),C^(/)} = (/,/), {C^(/),C^(/)} = {C(/),C(/)}=0, /,/'£X, 
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where {X,y} =XY + YX. 

(ii) Boson Fock Space 

The boson Fock space over a complex Hilbert space y is defined by 3'b(V) = ©“= 0 (^ 5 ^) where 
denotes the ?i-fold symmetric tensor product of y. The Fock vacuum is given byflb = {l,0,0,---}€ 
©(V) Let Tb and 2b be linear operators on y. Then we define dr^lTh) = and rb(2) = 

r(2b) t5b(y)- number operator is defined by Nf = dYfll). The creation operator A^(g), g S V, is 
defined by (A^ (§)<!>)(”) = n>\, and (A^(g)<I>)(°) = 0 where U" is the projection 

from to ©"y. The annihilation operator A(/) is defined by A(g) = (A^(g))*. The finite particle 
space on the subspace ©f C V defined by the linear hull of flf and A^(gi), • • •A^(g„)flf, 

j = I,-- - ,n, « £ N. The creation and annihilation operators satisfy the canonical commutation 
relations on 

where [X,Y]=XY -YX. 


2.2 Dirac field 


Let ©Dir = ©f(T^(R^;C'^)). The energy Hamiltonian of the Dirac field is defined by 

//d = dTf{coM) 

where WmCp) = y/Ipp+M^, p £ R^, and M > 0 . Let Ja)), fi S L^(R^), / = 1 , - •• , 4 , 

be the creation operator on ©Dirac- For each / £ L^(R^), we set 

bl/2if) = if,0,0,0)), = C^a0,f,0,0)), 

r///2(/) = C^C(0,0,/,0)), d!j/2(/) = C^C(0,0,0,/)). 

We define bs{f) and ds{g) by the conjugate of bl{f) and dj{g), respectively. Then the canonical 
anti-commutation relations 

{bs{f),bl,{g)} = {dsif),d],{g)} = 5,y{f,g), (1) 

{bs if) , b,> (g) } = {ds if), d,/ (g)} = (g), d], (g)} = 0, (2) 

are satisfied and it holds that 


l|i>,(/)ll = l|i>l(/)ll = ll/ll, IK(s)ll = IKys)ll = llsl|. (3) 


Let /id(p) = Of • p +Mj8 be the Fourier transformed Dirac operator with 4x4 Dirac matrices a = 
(of Oj=i P- Let S(p) = S • p, p £ R^, where S = — A a is the spin angular momentum. The 
spinors Mi(p) = (^^(p))^^! and Vi(p) = (v](p))f^j are function which satisfy the following : 


(D.l) hD{p)us{p) = Em{p)us{p), /jd(p)v,(p) = -£'m(p)v,-(p), 

(D.2) 5(p)m,(p) =5|p|n,(p), 5(p)v^(p) = 5|p|v^(p), 

4 4 4 

(D.3) £m'(p)*4(p 0 = £u'(p)*v',(p') =0. 


i=\ 


i=\ 


i=i 
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Remark 2.1 We review the example of spinors in the standard representation (see 11241 ; Section 


1). The Pauli matrices are defined by ai = 
Then, the Dirac marices are a = 


O o 
a O 


0 1 
1 0 


, 02 = 

u o 

O -1 


0 -i 
i 0 


1 0 
0 -1 


and 03 = 

, and the spin angular momentum 


a O 
O o 

measure of Osr is zero. We set 


is S = 5 


. Let OsR = {p = (p'G I IpI — = 0}. We see that the Lebesgue 
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T]+(P)= ^ 


1 


VM\pF?) 




T7-(p)= ^ 


P G OsR, 


\/2|p|{|p|-p^) Vp' +ip^ 

"0 
1 


) P ^ OsR, 


P G OsR- 


Let 


tnf = ( ^+(P)^±(P) ^ 

±i/ 2 (p) y±x_{p)ri±{p)) ’ 


±i/2(p) { ±A+(p)t]±(p) ] ’ 


with A±(p) = -^y^l ±M£'m(p) Here note that and satisfy G 0^(C* (R ^\Osr))- 


The Dirac field operator t/r(x) = ^(t/rj (x), • • • , t// 4 (x)) is defined by 


v^/W= £ fe(//,x)+^^i'UL)) > 

i=±l/2 ^ ' 


/ = L 


)4, 


where 4x(p) = //(P)^^ ^ wifh //(p) = -j^XD{p)ui{p) and g',,(p) = g^(p)e P * wifh g'(p) = 

=ZD(p)f’l(p) and vj(p) = v^(—p). Here Xd satisfy fhe following condition. 




(A.l; Ultraviolet Cutoff for Dirac Field) 

f \XDip)\'^dp<oo. 

Then it holds that 

llv^/(x)|| <cj3, (4) 

wherecj3 = ^^ I (||;(DMill + llZoviH), / = I,-'-,4. 

Vi^^y ^=±1/2 


2.3 Radiation Field in the Coulomb Gauge 

Let Trad = Tb(©r=i, 2 f-^(R^))- The free Hamiltonian is defined by 


//rad = drb{(0) 
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where ft)(k) = |k|, k G R^. Let A*(/ii,/i 2 ), hr G L^(R^), r = 1,2, be the creation operators on 3'rad- 
Let 

a\{h)=A{{h,0)), al{h)=A{{0,h)), heL^{R^), 

and ar{h') = {a^{h'))*, h' G L^(R^), r = 1,2. The creation operators and annihilation operators 
satisfy the canonical commutation relations 

[ar{h),al,{h')\ = 5r/{h, h'), (5) 

[ar{h),ar'{h')] = [al{h'),al,{h')] = 0 , ( 6 ) 

on where M is a subspace of 0r=i,2T^(R^)- For all h G jt follows that 

||ar(/l)(//rad + l)^'/^|| < ||^||, ||aj W (//rad + 1)"^/^ || < \\^\\ + \\h\\. (7) 

The polarization vectors er(k) = (er(k)), r= 1,2, satisfy the following relations. 

(R.1) e,(k)-e/(k) =0, e,(k)-k = 0, kGR^{0}. 


Remark 2.2 We check the example of the polarization vectors. For all k G R^\{0}, we set 

/ -k^ \ 

1 , \ ... 1 


ei(k) = 


I , e2(k)= 

0 


k^k^ 


■JWTTWT- _ 

Then (R.1) is satisfied. Here it is noted that G (C'(R^\{0})), r = 1,2. 


The radiation field operator A(x) = (A/(x))y^j is defined by 

£ Ur{h{^) + al{h{^ 

r=\.2 ^ 


where /i/.x(k) = /j/(k)e * wifh /ir(k) = 


1 Zrad(k)e/(k) 


^(2^ y/2w{k] 


, and Xmd satisfy fhe following condition. 


(A.2 : Ultraviolet Cutoff for Radiation Field) 


IZrad(k)| ,, 7 10 

—ak < OO^ 7 = 1,2. 


/r 3 a)(k 


Then 


||Ay(x)(//„d + l)-'/'||<c/^ 


rad 


( 8 ) 


where c, . = 


j __1 


V(^r=l.2 


V* / A /9 11 11 _ 1 _ 11 Xriid^r 

L I V^ll fo II II ^ 
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2.4 Total Hamiltonian and Main Theorem 

We define the system of the Dirac field interacting with the radiation field. The Hilbert space for 
the system is defined by Tqed = f^Dirac ® 3^rad- The free Hamiltonian is defined by 


Ho = //d ® Irad + Id ® ^rad 

on the domain T){Ho) = 'D{Hy) (g) Urad) H D(11 d <8)^rad)- To define the interactions, we introduce 
spatial cutoff Xi and Xii, which satisfy the condition below. 


(A.3 : Spatial Cutoff) 

/ IZi(x)|r/x<oo, 


jR3xR3 |x-y| 


First we define a functional on Tqed x 3'qed by 

= £ f ;^i(x)(4>,(t/r1'(x)aXx)®AXx))'T), 4> G Tqed,G 2)(//o), 

where t/r^(x) = (t/ri(x)*, • • • , t// 4 (x)*). We see that 

\ei{^,n<( f\Xl{^)\dx) £ £ |a/,|444,||d>||||lD®(//rad+l)'/''I^||. 

V® / j=l /,/'=! 


By the Riesz representation theorem, we can define the operator Hi which satisfy (d>,//i'T) = 
4(<I>,'T) and 

<Cl||llD®(//rad + l)'/''I^||, (9) 


3 4 ■, ,1 ■ 

where cj = ||;^i||z,i L L I^Z/'ko^^o^^rad- spectral decomposition theorem, it is proven that 

j=l /,/'=! 

for all £ > 0, 


2 £ 


( 10 ) 


Next we define a functional on Tqed ® 3'qed by 


4(‘I>,'I^)= f ^n(x)Zn(y) ^ <I>,'TgTqed. 

JR^xR^ |x —y| 

We see that 





Zn(x)Zii(y) 

|x-y| 





/./'=! 


Then, by the Riesz representation theorem, we can define an operator Hu satisfying = 

and 

||4i||<cii, (11) 
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where cn 


;i:n(x)zii(y) 

Ix-yl 


L' 


4 

I 


(4 






By (flOl) and (fTTl) . it holds that 


+ ciiKiiJ ||'B||. 

Then the Kato-Rellich theorem yields that that //qed is self-adjoint on D(//o) and essentially self- 
djoint on any core of Hq. Hence, in particular, //qed is essentially self-adjoin on 

where (§) denotes the algebraic tensor product. 


||(k:i//i + fCii//ii)'T|| < cifCi£||//o'B|| + cm 


2e 


+ 1 


To prove the existence of the ground state of Hqed, we suppose additional conditions below. 


(A.4 : Spatial Localization) 



X < oo, 


L 


R3xR3 


lzii(x)zii(y)l 

|x-y| 


x\dxdy < oo. 


(A.5 : Momentum Regularity Condition for Dirac Field) 

There exists a subset Oj) C with Lebesgue measure zero such that Mi,Vi€0^(C'(R^ \ C?d )), 
y = ±1/2. Zd and it satisfies that 

[ \dp-ZDip)\^dp<oo^ f \XD{p)dp^ui{p)\'^dp<oo, f \XD{p)dp^vi{-p)\^dp<oo, 

JR3 Jr3 JR3 

for all V = 1,2,3, Z = 1, • • • ,4, y = ±1/2. 


(A.6 : Momentum Regularity Condition for Radiation Field) 

There exists a subset Orad C with Lebesgue measure zero such that e^ € (C^ (R^\Orad))^ 

r = 1,2, where Orad- Xmd £ C' (R^) and it satisfies fhaf 


L 


IZrad(k)/ 

Ik|5 


■dk<' 


=' L 


|5FZrad(k)P 


Ik|3 


rZk<' 


|Zrad(k)5Fe/(k)P 


/R3 


IkP 


rZk< 


for all V = 1,2,3, y = 1,2,3, r = 1,2. 


Remark 2.3 Examples of C?d and Orad in (A.5) and (A.6) are as follows. In the case of the stan¬ 
dard representation, C?d = OsR where Osr is defined in Remark 12.11 For fhe polarizafion vecfors 
considered in Remark |2!^ Orad = {0}- 


The main fheorem in fhis paper is as follows. 

Theorem 2.1 (Existence of a Ground State) 

Suppose (A.l) - (A.6). Then Hqed has a ground state for all values of coupling constants. In 
particular, its multiplicity is finite. 











3 Ground States of Massive case 

In this section, we consider a massive Hamiltonian defined by 

Hrn — Hd ( 8 ) 1 + 1 ( 8 > m + T^lHl + Ki\Hii, 
where H^ad^m = drh{(0,n) with ft)„j(k) = y/k^ + nP-, m > 0. 


3.1 Fock Spaces on Direct Sum of Hilbert Spaces 

We review basic properties of Fock spaces on direct sum of Hilbert spaces. These are useful for 
constructing partitions of unity on Fock spaces (see, Derezihski-Gerard ifTOl l. 


(i) Full Fock Space on 2,0 2. 

Zo 


Let Z = 


, Zo,Z„ G £(2), where 2 is a complex Hilbert space. We consider Z = 


an operator 2^202 which acts for 

Zh = 


IS 


Let J = 


h 

J DO 

0(2)0 0(2) by 


, JojJoo G 2(2) and B = 


Zq/i 

Zooh 

So 

Boo 


, he'D{Zo)nV{Zoo). 

, So,Boo G 2(2). We define dr{J,B) : 0(2) 


dr{J,B) = 0“^o (^£(0^"V)0S0 (®”--'7)j . 


If Bq and Boo are bounded, and JqJq + J^Joo < 1, it holds that 

||dr(7,B)(iV0 1)-1|| < y^llSof 0||Soo||2. 
Let T G 2(2). Then it holds that 


T{J)dT{T) = dT 
where adr (7) : 2 ^ 2 0 2 is defined by 

ad7’(7)/r = 

(ii) Fermion Fock Space on X 0 X 

Let X be a complex Hilbert space. Let Jf = 


T 0 
0 T 


r(7) 0r/r(7,ad7’(7)), 


( 12 ) 


(13) 


[TMh 

[r,/oo]/i 


/rG2)([r,7o])nD([r,/oo]). 


L ■’f 


f G 2(X) and Bf = 




S0,B“ G 
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L{X). We set dr{{Jf,Bf) = cfr(7f,5f)f3r^(x)- Suppose that and Bf are bounded, and + 

(7“)V“ < 1. By ([El), it holds that 

||r/rf(7f,Bf)(iVf+l)-'|| < -^||B0||2 + ||B“||2. (14) 

Let 7f S £(X). From (fTSl) . it holds that 


rt{jf)drf{Tt) = drf 


Tf 0 

0 Tf 


rf(/f) + r/rf(7f,ad7j(/f)). 


(15) 


Let C(/) and C^{f), / € X, be the annihilation and creation operators on 3“f(X), respectively. Then 
it follows that 


rf(7f)c(/)=c 

r(7f)ct(/)=c^ 


/ 

0 


/ 

0 


rf(/f)+rf(7f)c((i-(7°)*)/), 


rf(7f)+c^^ ^ 


(16) 

(17) 


(iii) Boson Fock Space on V 0 y 

Let y be a complex Hilbert space. Let Jf, = 


, 7°,4“ G and Bb = 


K 

Br 


- BlB -e 


X(V). We define dT\y{J\y^Bf) = r/r(7b,Bb)|^x^(y). Assume that B° andB^ are bounded, and {J^)*J^ + 
< 1. By Cl), it follows that 


||drb(7b,Bb)(fVb + i)^'|| < v^l|Sb°IP + ll5b 


°° II2 


(18) 


Let Tb G X(y). Then d yields that 


rb(7b)7rb(7b) = r/rb 


Tb 0 
0 Tb 


rb(7f) 07rb(7b,adr^(7b))- 


(19) 


Let A(g) and A^(g), g G y, be the annihilation and creation operators on 3'b(y), respectively. Then 
it follows that 


rb(7b)A(g) — A 
rb(7b)A^(g)=At 


8 

0 


rb(7b)+rb(7b)A((i-(7b"rk), 


8 

0 


rb(7b) 0A^ 




8 ) rb(7b)- 


( 20 ) 

( 21 ) 
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3.2 Partition of Unity for the Dirac Field 


We construct a partition of unity for the Dirac field. For general properties of partition of unity for 
fermionic fields, refer to Ammari ifTl . 


Let 


czAf) 


dsif), T = -. 


Let Uf : 3'f(L2(R3;C^ )0L^(Rp;C^)) —)• IFoirac ® S'oirac be an isometric operator which satisfy 
= flo 0 Dp and 


UfC 


t 


( 

■ /l ■ 


■ /l ■ 

V 

. . 


. Sn _ 


Dd 


Here note that (—1)^°*^ = (—for the vector of the form 'F = 4i,ii (/i) • • •CT„,i„(/«)^D^ fj G 
L^(R^), y = 1, • • • ,n, n G N. Let jojoo G C°°(R). We assume that jo > 0, joo > 0, yo(x)^ + joo{x)^ = 


1, yo(x) = 1 for |x| < 1 and yo(x) = 0 for |x| > 2. Let Jir = 


y= joo (^) with = {dpi,dpi,dpi). 


' im ' 

. jf,R _ 


where y^*^^ = jo{-^) and 


Let Xf R : ILDir ^ 9“Dir ® IFoir defined by 

Xf.R = Ufrf{jfji). 

From (fT5])-([T7]). it holds that 

2ff,R^D= 1 + 1 <8 >^d ) +f/fdrf(yf^R,ad£Bj^(yf,R)), (22) 

= (c,,,(/) 0 ll)Af,fi +Xf,fiC,,,((l - y^)/), (23) 

^f,«4,.(/) = (44/) ® + (44(i°« -1)/) ® II + (-I)""" ® 442fV)) (24) 


Lemma 3.1 Assume (A.l). Then, 

(i) ||(Xf,«//D - (//d® 1 + 1 0//D))Xf,R(AD + 1)^4 < j, 

(ii) \\Xf^R Yi{x) - {yi{x) (g) Il)Xf^R|| < 4i(*)> ^ ■ -4, 

(iii) ||Xf,« Yii^r - (Yiix)* 0 Il)Xf,«|| < 44x), Z = 1, • • -4, 


Here Cf > 0 is a constant, and 54(x) > 0, Z = 1,- 



• • ,4, Z = 1,2, are error terms which satisfy 
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(Proof) (i) By (EH), we have 

1 1 - (//d ® II + a ® ^D)^f,R) (a^d +1) ^' 11 < 11 driUt,R, ad«„ Urn)) (a^d +1) ^ ‘ 11, 

and (fldl) yields that 

||‘^rf(if,R)tldo^(yf,R))(A^D + 1) ^11 ^ II Il5(i2(j{3)) + II Ilg(i2(j{3)) 

By pseudo-differential calculus (e.g., lITHl ; Appendix A, lfT9ll ; Section IV), it follows that 
II [(OMjfn] ||b(l2(r 3)) < tJ = 0)°°> where cj > 0 are constants. Thus (i) is proven. 

(ii) By the definition of t/r/(x) = ^ {bsifJx) isix))’'^^ have from (|2H) and (l24l) that 

i=±l/2 

V^/(x) — ® a)A'f,R 

= £ A,((l - jl„)flx) + (dj ((7°« - l)g'J ® n + (-lf° ® dj Xf,«) . 

i=±l/2 

Then we have 

||i^f,R t/^/(x) - (i/r,(x) (g) l)Xf^R|| 

< L (||A.((1 -7^r)4x)II + ll(^.J iUiR- iklx)®ifell + ll(a® UiRgi,M\) 

.?=±l/2 

< E (li((i-A)/i)il + li((A-i)sLli + ilJt"«Ail). 

i=±l/2 

Let j (x) = I (11 ((1 - JIk )//,x ) 11 + 11 ((1 - 7f°R ).?1 x ) 11 + 11 JiRg's^x 11 ). We see that sup 15^ j (x) | < 

i=±l/2 3 2 

Y, (II//II +2||g^||) and lim Sl’Ux) = 0 for all x G R. Hence (ii) follows. 

s=±l/2 ’ 

(iii) From the definition of Yi (x)* = Y (fix) + ds{gi x))> and (1^ yield that 

i=±l/2 

Xf,R i/r/(x)* - (t///(x)* (g) n)Xf,R 

= ((^1(0'°R - l)/i.x) ® a + (-lf° ® Al(y>>/i.x)) W,R +Xf,Rd,((l - A)glx)) • 

Then it follows that 

||Xf,R Yii^r - {yM* ® Il)Xf,«|| < 5j^(x), 

where 5^^(x) = Y (ll ((A - l)/i,x) II + WJ^r/LW + II ((1 - if°R)gi.x) II) ■ ^ is seen that sup 15f^(x)| < 

i=±l/2 ^ ' '' xeR3 

Y (2||//|| + llgill) and lim 5?d(x) = 0 for all x G R. Thus we obtain (iii). ■ 

s=±l/2 ’ 
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Corollary 3.2 Assume (A.l). Then, for all /,/' = 1, • • - 4, 


(i) ||Af,R i/r,(x)*»/r;/(x) - (i/r;(x)*»/r/,(x) (g) Il)Xf,R|| < (x), 

(ii) \\Xf^R \i/i{xyYi{x)Yi'{yT¥i'{y) - ('/^/(x)V/(x)w(y)V/'(y) ® ifell < ^5’''(x,y)- 


Here 5?^’^ (x) > 0 satisfies sup (x)| < oo and lim S^'n' (x) = 0 for all x s R^, and 5^'^ (x,y) > 

’ ’ R^OQ ’ ’ 




0 satisfies sup \8pR (x,y)| < °° and lim (x,y) = 0 for all x,y s R^. 

(x,y)eR3xR3 ' ’ 


(Proof) (i) By Lemma [37T](ii) and (ill), it is seen that 


11 Af,R t/T; (x) * t/T// (x) - (»/r, (x) V// (x) (8) II )Xf,R 11 
< ||(Af,« t/r;(x)* - {{^fi{xf ® nfe)) t/r,,(x)|| 

+ 11 (y// (x) * (g) II ) (Af,R Yt' (x) - (y//' (x) (g) n) ) 11 

<3tiiiwwii+««ii»wii. 

Note that ||y///(x)|| < and ||yr/(x)*|| < Cq. Hence (i) is obtained. Similarly, we can prove (ii) by 
using (i). ■ 


3.3 Partition of Unity for Radiation Field 

Let Ub : 3'b(L^(Rk x {1,2}) 0L^(R^ x {1,2})) —^ Ifrad ® S^rad an isometric operator satisfying 
Ub f^rad ~ 0 f^rad and 


Lb a) 


/l 

gl 


■■ - a' 


/i 

gn 


) ^rad 


= (al^ (/i) (g) U + n (g) (gl ) ^ • • • (^al^ (/„) (g) U + 1 (g) {g„) ^ f2,.ad 0 ^rad- 

Let 70 , ioo € C“ (R). We suppose that jo > 0, Joo > 0, 7 ^ + = 1, 7 o (y) = 1 if | y | < 1 and Jo (y) = 0 if 

where 7 °^ = 7 o(^) and 7 ^“^ = 7 ~(^) with Vk = (d^i, d^i, . 


|y| > 2. We set jb.R = 


Jb,R 

Jb.R 


Let }b,i?: 3“rad 3“rad ® Trad defined by 


Yb,R = Lb Lb (7b,i?). 


From ([T^ - (I 2 T]) . it follows that 


Ybfitixad.m — ^^rad.m ® 1 T 1 <g) ^rad,m ^ Fb,S LbdFb(7b,i?, ({b,/?))) (25) 

Yb,Rar{h) = {ar{h) ®t)Yb^R + Yb.Rar{{l - ib^Rjh), (26) 

YbWrih) = {a*{h) ® l)Tb,fi + (4((2bV " 1)^) ® ^ ® 4UV')) Yb,R- (27) 
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Lemma 3.3 Assume (A.2). Then 


(i) 

(ii) 


Lb,i?^rad,m <8* 1 + 1 <8>^rad,;n) Y\y,R ^ (Arad T 1) 

Fb,RAy(x) - {Aj(x) (g) ]l)Tb,i? ) (Arad + < SI r{x). 


< 


Cb 

R ’ 


Here Cb > 0 is a constant and ^(x) > 0, j 
and lim 5/ „(x) = 0 for all x G R^. 

R^oo 


1,2,3, are error terms which satisfy sup |5j(^(x)| <oo 

xeR3 


(Proof) (i) It is proven in a similar way to Lemma|3T](i). 

(ii) By the definition of Aj{x) = ^ (ar(/r/,x) + <^1 (^r,x)) > it follows from (|2^ and (|27]) that 

r=\.2 ^ ’ ' ' 


Fb,«A,(x)-(A/x)®Il)Fb,« 

= ^ (Fb^Rar((l — jb,R)H,x) + ~ l)^r,x) <8) 1 + 1 <8) (ib,R^/,x)) • 

r=l,2 

Since ||ar(/r)(Arad + < ||/i|| and ||aJ(/7)(Arad + 1)^‘^^|| < 2||/7||, we have 

|(Fb,RA,-(x) - (A^X)® ll)Fb,R) (Arad+ 

< E (llK(i-Afe)W.d+i)-''"ii 

r—\2 ^ 

+ \\i4{{jb.R-'^)Kx) (Arad + 1) - ^ ® II) ( (Arad + 1) ‘ ® U ) Fb,« (Arad + 1) ^ ‘ 11 

+ 11(11 ®4(7b>/,x)(Arad + 1)^'/')(11 ® (Arad+ l)‘/')Fb,«(Arad+ 1)’'/'|| ) 

< I (ll(l-2b%)/^(:xll+2||(7b%-lW,xll+2||7b>(:x 


Let 5^ s(x) 

5(lKll + || 


I (3||((1 -7bR)^rx)|| +2||7b“s/i/,x|| ), j = 1,2,3. We see that sup |5^«(x)| < 
r=\.2 ^ ’ '2 xeR3 ’ 


and lim 5/ 
R^ 


b.R (*) 


0 for all X G R. Thus we obtain the proof. ■ 


3.4 Existence of Ground State of 

We recall that the massive Hamiltonian is defined by 

Hm = Ad ® Irad + Id ® Arad.m + xiAi + tCnAn. 

Throughouf fhis subsection, we do nof omif fhe subscripfs of fhe identifies Ud and llrad- 
ii? - J+r. 7 > 0, it holds that 

l|Aj(x)(H„d,„ + l)-'/^||< £ ( 211^^11 + 11 ^^ 11 ') <cU (28) 
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Then, we have 


( 29 ) 


and it holds that for all e > 0, 

||//i'T|| <Ci£||//o,m'l^||+Cl(^ + l) \m- (30) 

From (l30l ) and ||//ii|| < it is proven that //,„ is self-adjoint and essentially self adjoint on any core 
of Hq ju- 


Theorem 3.4 (Existence of a Ground State of H,„) 

Suppose (A.l) - (A.3). Let m < M. Then Hm has purely discrete spectrum in [EQ{H,n),EQ{Hm) + m). 
In particular, El,„ has a ground state. 


To prove Theorem 13.41 we need some preparations. We define X^r : Tqed S'oir ® O^Dir ® S'rad by 

= Xf R (8) IIrad- 

We introduce Hamiltonian H,„ : Toir <8 Toir ® 3'rad —S' 3'Dir <8 TDir <8) Trad defined by 

Elm = Elv) <8) Irad + Id <8> Hvad + + %^II, 

where <8 Id, -^rad = Id <8) //rad.m and 

3 /. 

^11= f ^ii W^ii(y) (yt(-x)y(x)yt(y)y(y) (g) dxdy. 

JR3xR3 |x —y| 

wifh \j/{x) = t/r(x)(g) Id and al = Uq, j = 1,• • - 3. 


Proposition 3.5 Assume (A.l) - (A.3). Let 'P S D(//„j). Then, it holds that 

(i) II (^f,R(^D® Irad) “ (^D ® Irad + I1 d®^D® llrad)^f,ft) 'P|| 

(ll(A^D®Ilrad)'P|| + ||'P||), 

(ii) II {XM-HiXm) 'Pll < 5a{R) (IKUd + ||'P||) , 

(iii) II [Xf nHii — HiiXf ji) *^11 < 5f_ii(/?) ||'P||. 

Here Cf > 0 is the constant in Lemma [3TTT i). and 5f,i(7?) > 0 and 5f,n(/?) > 0 are error terms satis¬ 
fying that lim 5fi(7?) = 0 and lim 5fu{R) = 0, respectively. 

S-S-OO ’ R^OO ’ 
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(Proof) 

(i) It directly follows from Lemma ITT] (i). 

(ii) Let *P G T){H,„) and <!> G JDir ® S'oir ® 3'rad with ||<i>|| = 1. Then, 





Zi(x) (<I>, ((Xf,RV^^(x)(x)a-'t/r(x) - \i/^x)aJ\ff{x)XtR) ^Aj{x)) 'P) dx. 


Then we have 


< L / ||^f,i?'/^'^(x)aV(x)-t/f1'(x)aV(x)Xf,R|| ||(]lD<8)AXx))'P||r/x 

<L L l«//'l /j^i(x)| ||(*RW(x)>;'(x)-w(x)*v>-,/(x)Xf,R)||||(]lD<8)AXx))'P||r/x. 

By Corollary I3.2l (i). we have || (Xt;Rt/r/(x)*t////(x) — t^/(x)*i^//(x)Xf r) || < 5^^’^ (x). We also see that 
||A,'(x)(A/rad + < 3 ||/i/||. Then it follows that 

r=l,2 

|(<i>,(Xf,R//l-^llf,R) 'P)| 

s T t t \ai,\m( [ lXi{^)\S^:'/{^¥^) ll(llD®(iV,.d + l)‘'")'P||. (31) 

1,2 j= !/,/' = ! V>3R / 

Since (l3T]) holds for all <!> G Toir <8) Toirac ® Trad with ||<i>|| = 1, h follows that 

ll(Xf,R//i -HiXiR)^<5u{R)mD®iNr.d+iy^^mi 

where 5fi(/?) = 3 L L L |o://,| ||/i/|| ||ri. We see that lim 5fi(/?) = 0, and hence (ii) 

r=l,2y=l/,/'=! ’ ’ 

follows. 

(iii) Let *P G D {H,„ ). We set 2/ (x) = t/r/ (x) * t/// (x). Then for all <!> G Toir C) Toir <8) Trad with 11 <!> 11 = 1, 

(‘I’) *1^) 

i^iJr^xR3 |x-y| 

Then we have 


I {Xf^RHii — HuX{r) 'P) I 

< t [ l^n(x)zii(y)l \\(^XfM^)Qi'iy)- m^)Qi'iy)^ aDfe)*P|| dxdy. 
i^^jR^xR^ |x-y| 
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From Corollary [32] (ii), it holds that \\XiRQi{x)Qi'{y) - {Qi{x)Qi:{y) ® lr>)XiR\\ < (x,y). 

Then we have 





lzii(x)zii(y)l s4,ij' 


R 3 xR 3 


|x-y| 


“’f,R 


x,y)dxdy ||'F|| 


This implies that 

II {Xf^RHu -HuXf^R) 'F|| < dni{R) Il'I^II, 

where 5f.ii(/?) = ^ Ir^xR^ (x,y)dxdy. We see that lim = 0, and thus the 

proof is obtained. ■ 


We define Yu^r : Tqed S'oir ® 3'rad ® 3'rad by 

%,R = 11d C)Tb,R- 

Proposition 3.6 Assume (A.l) - (A.3). Then it holds that for all 'F € T>{H,„), 

(i) II (fi5,s(llD ® ^rad,m) (Id C>^rad,m ® Irad T HqED ^rad,m)fi3,R) 'F|| 

<^(ll(lD®iVrad)'F|| + ||'F||), 

(ii) ||(Fb./t//l-(//l®llrad)Fb,R)'F|| < 5b,l(/?) (||(llD®<dVll + ll'I^ll) , 

where Cb > 0 and 5b i(/?) > 0 satisfying lim 5b i{R) = 0. 

(Proof) (i) It immediately follows from Lemma[33](i). 

(ii) Let 'F e and E £ Toir ® 3'rad ® 3'rad with ||E|| = 1. We see that 

(E, (Tb,R//i - {Hi ® ]lrad)Frad,R) 'F) 

3 /. 

= L / 3 (^’ ('/^^(x)«V(x)) ® (Tb,RA/x) - (Ay(x) (g) lrad)Fb,i?))'F) 5x,. 

,/=i 3 r3 

Then, 

|(S,(Tb,i?//l-(//l®Ilrad)Fb,«)'J^)l 

3 f 

< / lzi(x)| ||(V/'^(x)a3y/(x)(g)(Fb,RAy -(Ay(x)(8)]lrad)Fb,R))'F||<ix 

;=i3R3 

<111 «///|cdCd] f |;Ki(x)|||(lD<8)(Fb,RAy-(Ay(x)(g)]li.ad)Fb,R)))'F||5x. 

From Lemma [33] (ii), it holds that 

II (Hd ® (Fb,i?A,- - (Ay(x) ® lrad)Fb,«))'F|| < 5 (s(x)||(I1d ® (iVrad+ 1)‘/")'F||, 
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(33) 


where 5|;^^(x) > 0 is the error term, and hence, 

I (S, - {Hi ® Ilrad)?b,R) I < 5b,l(7?) II (Ud ® (A^rad + 1)'/')'I^||, 

4 

where 5bi(/?) = L !«//'I^dCd/rs |;|^i(x)|5j((x)dx Since (l35]l holds for all S e ^Dir ^ 3'rad <8) 3'rad 
with ||S|| = 1, we have 

II (Yi,^rHi - (//l® Irad) w) *1^11 < 5b,l(/?) II (Id ® (A^rad+ 1)‘/")'I^||. 

Since lim 5b,i(/?) = 0, the proof is obtained. ■ 


Here we introduce a new norm defined by 

II'I^IU.A' = ||(fV^/'®Ilrad)'I^|| + ||(llD®A^,ty')'I^II + ll'I^II^ S 2)(<'® iV^d'). 

From Proposition 13.51 and Proposition 13.61 the next corollary follows. 

Corollary 3.7 Assume (A.l) - (A.3). Then for all 'P S D{H,„), 

(i) ||(Xf,R//,„-(.H„, + lD®//D®lradfe)'P|| <5f(/?)||'P||2,l, 

(ii) \\{%,rH^-{H^ ^ ^ rad H“ 1 D ^ 1 rad ®//rad,M)Pb.R)'l^|| <5b(f?)||'P||o,2. 

Here 5f(7?) > 0 and 5\,{R) > 0 are error terms which satisfy that lim 5f{R) = 0 and lim 5b(f?) = 0, 

/?-><» S-S-oo 

respectively. 


Lemma 3.8 Assume (A.l) - (A.3). Let qi^R = {Jir)^ and q^ R = ( 7 °^)^. Then, for all *P G T){H,n) 
with Il'PlI = 1, 

('PjT/m'P) >Eo{Hm) + m + (M-m) ('P, (Ud (8)rb(^b,R))'l^) 

- M ('P, (rf(^f,«) ® rb(^b,«)) + (5f(/?) Il'Plba + 5b(/?) ||'P||o, 2 ). 

(Proof) Let *P G !)(//,„) with H'PH = 1. By Lemma Corollary 13.71 (11). 

('P,//,„'P) = ('P,TbV?b ^*1^) 

> ('P,Fb*R(^m® Ilrad)Pb,R'l^) + ('F,Tb*«(flD ® Arad ®//rad,M)Fb,fi'F) - 5b(/?) |I'Ll10,2- 

We see that //rad.m > »^(lrad ”Prad) with Prad = L^Vrad({0}) where Ex{J) denotes the spectral pro¬ 
jection on a Borel set J G 73(R) for a self-adjoint operator X. Then 

('P,//,„'P) > ('P,T;ad,«(//m® lrad)Frad./t'F) +m 

- '«('F,T;ad,R(AD ® Arad ® Prad)Frad.fi'F) - 5b(P) ||'P||o,2 
> ('P,?b*«(//,„® Arad)Fb,R'F) + m-m('P, (AD®rb(^b,R)'F) - 5b(P)||'P||o,2. (34) 
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Here we used }^ 5 /j(llrad <8>^rad)i^b,R = rb(gb,R) in the last line. We evaluate the first term in the right 
hand side of (1^ . Let Wr = X{^r (g) llrad- By Corollary 13.71 (if. 

('L,fb*R(^m®llrad)Lb,R'B) 

= llrad)Lb,R'B)) 

+ [^n,YlJlR{tu®Hu^h.d)h,R%,R^) - 5fWI|f'b,R'B||^i, (35) 

where we set 

P|Ia.A' = ll(iVD^^®lrad®lrad)<I>|| + ||(lD«'A^id^CIlrad)<I>||+ 11^11, 
for ^ e ® Urad C) Irad) Cl D(]1 d ® A^rtd^^ C) Irad)- We See that 

W^Rnil = ||?b,R(iVD® Ilrad)'B|| + || (Ud ® ^d" ® iirad)Lb,i?'B|| + \\Yb,R'¥\\ 

< ||f'b,«(A^D®Ilrad)'B|| + ||Lb,R(lD®A^/adVll + ll?^^^^ = ll'^lb.!, 

and Hd > M(]1d — 7^) with = S^yidO}). Then we have 

m > MHm) +M -M ('T,fb*A(llD ® Par, ® IradfcLb.fi'B) - 5 f(/?)|I'Ll!2,1 
> Eo{H,„) + M-M('T, (rf(^f,R) ® nrad)*!^) - (7?) 11'Ll 1 2 , 1 . 

Here we used Eq{H,„) = Eo{Hm) and Xj^(]1d (8)PD)7ff,R = rf(gf r) in the last line. Thus we have 

('T,77^'T) > Eo{H,n) + m + M -M ('T, (Bf (qm) ® nrad)*!^) 

- m ('T, (Hd ® Tb db,R)) 'B) - 5b(P) ||'L||o ,2 - 5f(P) ||'L|| 2 ,i • (36) 

Note that 

Id C) Irad > Tf (^f,R) (g) Irad + (Id “ Tf (^f^s)) (g) Tb db.fi) 

= Tf (^f,R) C) Irad + Id C) Lb (^b,/?) “ Tf (^f^i?) (g) Tb db.ff) • 

Then we have 

('T,77;„'T) >Po(77,„) + m + {M-m) ('T,(iiD<8'rb(^b,R))'B) 

- M ('T, (Tf {qf,R) ® Tb db,R))'B) - 5b(P) ||'L||o ,2 - 5f(P) ||'L|| 2 ,i • 

Thus the proof is obtained. ■ 

Lemma 3.9 Assume (A.l) - (A.3). Then for all 0 < £ < 

||77o,,„'L|| <Le||77,„'T||+Pell'Ll!, 'LeD(77„0, 

When'S and (ci|k-i| + 1) + |K-n| ||77ii||). 
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(Proof) Let G !)(//,„). Since //o,m = H,n — K\H\ — we see that 

||//0,n'I^|| < ||//;„'P|| + |tCl| |//l'P|| + |K-n| ||//ll||||'P||. 

From (1^ . it holds that ||//i'P|| < ci£||//o,m*I^|| +<^i(^ + 1)II'J^II for £ > 0. Hence 
(l-Ci|fCi|e)||//o,m'f^|| < ||//m'f^||+ (^CiltCi 
Taking e > 0 such that e < 2 :^, we obtain the proof. ■ 

Since HA^o'f^H < ]g||//D'f^||, G 2 )(//d), and ||A^rad^|| < i;||^rad^||, ‘I’ G I’(^rad), the next corollary 
follows from Lemma 

Corollary 3.10 Assume (A.l) - (A.3). Then for all 0 < e < and *P G !D(/4j), 

(i) ||(A^D®llrad)'f^|| < + 

(ii) ||(llD®^rad)'f^|| < — ||//,„'P|| + —Il'PlI. 

m m 


1 

2e 


+ 1 +|K:n|||//„|| ll'P 


( 37 ) 


(Proof of Theorem 13.41 ) 

It is enough to show that Oess{Hm ) C [Eo{H,„)+m Let A G Oefifi{H,„). Then by the WeyTs 
theorem, there exists a sequence {'Pn}“ 1 of TtiHm) such that (i) ||'P„ || = 1, n G N, (ii) s- lim (//,„ — 

n —^00 

A)'P„ = 0 , and (iii) w- lim % = 0. Since | A - ('P„, ) | < | ('P„A)'P„ | < 11 (//,„- A )'P„ 11, 

n^oo 

it holds that A = lim Here we show that 

71 —>00 

lim {'¥n,Hm'¥„) > Eo{H,„)+m, 

72—^oo 

and then, the proof is obtained. Let m < M. From Lemma [321 

('F„,//m'Pn) >£'o(7/m) +'M-M('P„,(rf(^f,R)(g)rb(^b,R)),'Pn) 

-5f(/?)||'F„||2,i-5b,™(/?)||'F„||o,2. 

Since s-lim {H^ — A)'F„ = 0, we can set 

n^oo 

Efn — sup <C cxD. 

tigN 

Let 0 < A < 2 and 0 < A' < 2. From Corollary 13. 101 it is seen that for all 0 < e < 2 :^, 

ll'f^«IUa' = Iradmil + IKUd® A^rad)'f^„|| + Il'PnII 

< IKA^D® Irad^ll + IKId® A^rad^ll +3||'P„|| 

< (^ + -) (Le||//,„'F„|| +2/?e) + 3||'F„|| 

M m 

.1 G 1 1 ^ 

< EmLe[ — H- )+2(—H- )Re + 3. 

M m M m 
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Then we have 


> Eo{Hm)+m-M{^>n, {Yi{qtR)®Y^{q^,R)),^>n) - 5„,,,(/?), (38) 

where 5„,,e(7?) = c,„,e(5b(/?) + 5f(/?)) withcm,e =+ 2(]g + + 3. It is seen that 

< ||(//o,m + l)^/^'I^„||||(//o,m + l)"^/"(rf(gf,R)®rb(^b,R))'I^„^ (39) 

From Lemma [TH we see that 

||(-^4),m + ^ II + Il'I^nll ^ ||-^4i'I^n || + {Re + l)||'I^fi|| = Eo{Hm)Ee +^e + 1; 

and hence, 

sup||(//o,m + l)‘/"'I^«|| <E,nL, + R, + \. (40) 

«eN 

It holds that 

(//0,m + l)-'/2(rf(^f_fi) ® rb(^b,R)) =(//0,m + 1 )"‘/^((//d + ® {Hr.i,m + 1)*/^) 

X ((//d + 1) *^^rf(^f,R)) ® ((^rad,m + 1) *^^rb(^b,R))), 


and hence, (//o,m + 1) ^'^^(rf(^f,R) 0 rb(^b,R)) is compact, since ||(//o,m + 1) + 1)^^^ ® 

(^rad,m + 1)‘^^)|| < 1 and ((//d + l)^^/^rf(^f,R)) (g) ((//rad,m + l)~^/^rb(^b,R)) is compact. There¬ 
fore it holds that 


lim 

n^oo 


{Ho^m + 1) ^^^(rf(^f^i?) (8)rb(^b,R))'i^« 


= 0 . 


(41) 


From (HH) - (SB we have lim !(%, (rf(^f,R) (g)rb(^b,R)),'l^«)| 

n^oo 


as /? —)• oo, we have lim (*F„,//,„*F„) > EQ{EIm) + m. ■ 

«—>00 


0. Then by taking the limit of (l3^ 


4 Derivative Bounds 

From Theorem 13.41 //,„ has the ground state. Let be the normalized ground state of H^, i.e. 

H„,'¥^=Eo{H,„)%n, ll'l^mlNl. 


4.1 Electron-Positron Derivative Bounds 

We introduce the distribution kernel of the annihilation operator for the Dirac field. For all *F = 


{'F(”) = ' • • • ,'Fi"^) e V{Hu), we set 


Let 


Q(p)\J/(«W)(pi^... ^p^^) = 5/,vV« + l'P^”^‘’'''(p,Pl,--- ,Pn)- I = l,---4. 


^1/2(P) =Cl(p), (?-l/2(p) =C2(p), ^/1/2(P) =C3(p), r/_i/2(p) =C4(p). 
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Then it follows that for all <I> G Toirac and G T){Hx 3 ), 

fipn^Mvmdp, /g2)(«m), 

i^,d,{gm= [ g(pr(d>,r/,(pWp, gGD(«M). 

Js? 

The number operator for electrons and positrons are defined by 

"■5 = ‘'r''((o o))' ''■^=‘'^>{(01 


respectively. It holds that for all dJj'T G T){Hd), 


(<I>,iV+'T) = ^ (b,ip)<^MPmdp, 


±1/2 


/R3 


(<I>,iVD'T)= ^ {d,ip)^MPmdp. 


±1/2 


/R3 


By the canonical anti-commutation relation, it is proven in t ll22ll ; Section III) that 

[YHx)a’\i/{x)Mf)] = - L «/./'(/>/i,x) W(x), 

[V^^WaV(x),d,(g)] = £ a/,/(g,gf,x) VM*, 

i,i'=\ 

and for p(x) = t//^(x)t//(x), 

[p(x)p(y), b,{f)] = - £ (^{f,fly)p{x)Yi{y) + (/,/i,x) w(x)p(y)) , 
[p(x)p(y), d,ig)] = £ (^ig,g[y)pix)YiiyT + ig,gi,x) Vii'i^ypiy)) ■ 


(42) 

(43) 


(44) 

(45) 


Let X and Y be operators on a Hilbert space. The weak commutator is defined by 

[X, T]'’(d>,'T) = (X*d>,T'T) - (T*d>,X'T), 
where 'T G ©(X) n V{Y) and d> G V{X*) n V{Y*). 

Lemma 4.1 Assume (A.l) - (A.3). Then if holds fhaf for all / G L^(R^), 

(i) [//!,(!,(/) ®I1]0(<I>,'T) = ^^/(p)*(d),X+(p)'T)r/p, <I>gTqed, !)(//,„), 
(ii) = ^/(p)*(‘I>,(5+(p) + r/(p))'T)r/p, <I>,'TgTqed. 
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Here (p), 5/ (p) and r^^(p) are operators which satisfy 


3 4 


{^,K+{p)^) = -Y, L «// / ,Zi(x)4x(p)(‘I’, (w(x)«)AXx))'F)r/x, 
/=1/,/'=! 


/R3 


(d>,S+(p)'P) = -^ 
/=! 

{<^,T+{p)'¥) = -^ I 


^ii(x)^^4(p) (4>, (p(x)vA/(y) ® imdxdy, 


R3xR3 X- 


/=!■ 


^Ii(x)^^|^4x(p) (’/^/(x)p(y) <8) Il))'P)dxdy. 


R3xR3 X — 


(Proof) 

(i) Let d> G S'qed and *P G !)(//„,). By (l4^ . we have 

= t f Zi(x)[t/^^(x)aV(x)®Ay(x),Z;,(/)®Il]0(d>,'P)r/s 


7 = 1 
3 


/R3 


= L / ,^i(x)(^,([V^^(x)aV(x),(?.(/)] <8)AXx))'P)dx 


7 = 1 


/R3 

3 4 


= - L L «//' / , ^i(*) (/’/vx) (w(x) (8)Ay(x))'P)r/x. 

7=i//=i 


/R3 


Let 4.p : 3 'qed X 3'qed —)• C be a functional defined by 


3 4 


,p(<!)',»P') = -^ £ a/,, / yi(x)//,,(p)(d>',(t/r//(x)®Ay(x))'P')r/x, 

,/=l/,/'=! 


for d>' G 3 'qed,G 23(//o,m)- We see that 

4p(‘I>','I^') < CM,pile'll IKH ® (//rad,™ + 


3 4 


"/(p)|cdc/^ 

can define an operator /f/(p) which safisfy /x,p (‘I’^ *1^0 = Then if holds fhaf 


whereciip= L L |o:/,,| ||;^i||ii |//(p)|cqc/T henfromfhe Riesz Represenfafion fheorem, 
7=1/,/'=! ’ 


we 


[HMf)T{^,^) = y^/(p)%p(<I>,'P)^/p= /^^/(p)*(4>,/:+(p)'P)r/p. 


/r3 


(ii) From (|44]) . we see fhaf for all <I>,'P G 3 'qed, 


[//ii,^.(/)®Il]°(^,'T) = 


L 


f zii(x)zii(y) 
r3xr 3 |x-y| 
zii(x)zii(y) 

R3xR3 |x-y| 


[p (x)p (y) (8) 11, bs (/) (g) Il]° (<I>, '¥)dxdy 
(^, ([P (x)p (y), (7, (/)] (g) II ) 'P) dxdy 


Zii(x)Zii(y) 


, , , {(/,4)(<I>,(p(x)i/r,(y)(g]l)ip) 

/=i>/r^xr 3 |x-y| f 

+ if,flx)i^, (iP;(x)p (y) (g) II)'P)} dxdy. 
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We set functionals p and on 3 'qed x 3'qed by 


^,,p(d>','F') = -£ 

i=i 
4 


f (p)(<i)^, (p(x)y/(y) 0 l)'¥')dxdy, d>','F'G Jqed, 

/r3xr 3 |x-y| 


r,,p(<I>",'F") = - £ Zii|(x)Zn|(y) ^^,^(p)(^„^ ivi{^)p{y) ® ]l)'F")^xJy, <I>", 'F" G Jqed- 


/=!• 


We see that 


r,,p(a>",'F")<cn,,,p||d>"||||'F" 


where cn^^^p = Y. 

i,i’=\ 


zii(x);i;ii(y) 

|x-yt 


Ll 


|//(p)|(cp)^c[). Then from Riesz Representation theorem, we 


can define operators ^^(p) and r/(p) such that ^i,p(<J>','R') = (<!>',5+ (p)'R') and rp(<J>",*R") = 
(<!>", r^+(p)*T"), respectively. Then it holds that 




= / /(p)(d>,(5;(p) + r/(p))'T)r/p. 
JvP 

Thus proof is obtained. ■ 

In a similar way to Lemma l4Tl the following lemma is also proven. 


Lemma 4.2 Assume (A.l) - (A.3). Then it holds that for all g G L^(R^), 

(i) ]l]0(d>,'T) = j^^givf (d>,/:-(p)'T) dp, d> G G D{ti,n), 

(ii) [//n,d,(g)®ll]°(<I>,'T) = / g(p)*(<I>,(57(p) + r-(p))'T)r/p, d),'TGTQED. 

c/R-^ 


Here (p), (p) and (p) are operators which satisfy 


3 4 


(p)»R) = £ £ ajj, / yi(x)g',,(p)(d>, (i/r,(x)*®AXx))'T)r/x, 


j=\l.V = \ 

(d>,S7(p)'T) = £ 


/R3 


/=!■ 

4 


^Ii(*)^ii(^)gly(p) (^, (p(x)i/r,(y)* (g) ]l))'T)r/xr/y, 


R3xR3 |X-y 


(<I>,rr(p)'T) = £ / (y,(x)V(y)011))>T)dxdy, 

;^1v/R3xR 3 |X —y| 


Lemma 4.3 Assume (A.l) - (A.5). Let 'T G !)(//„,). Then, .^r^^(p)*T, S'f (p)*T and r^'^(p)*T, y = 
±1/2, are strongly differentiable for all p G R^\Od- 
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(Proof) We show that K/ (p)*P is strongly differentiable. Let d> G 3“qed with ||d>|| = 1. From (A.4), 
(p)*P is weakly differentiable for all p G R^\Od, and we have 

4v(<l>,/:+(p)'P) = -£ f al, 

;=1/,/'=! 


/ Zi(x)5pv// (p) (d), {\i/i'{x)®Aj{x))'¥)dx, 


and \dpv{^,Kf{p)^>)\ <'£ I, |a//,|c^4j (/r 3 |5pv// (p)|r/x) 11(1 Then the Riesz 

i=U,/'=l 

representation theorem shows that there exists a vector S>i<(p) G 3'qed such that (d>, E>e(p)) = 
5pv(d>,A'^^(p)'P). Let Cv = {5v.j))=i- It is seen that 


(4.,E<E±^idz£(E)4')-(«.,E(p)) 


3 4 

= - L L «/./' 

j=llj'=l 

and hence, 


Zi(x) 


V/x(P + £ev)-//v(p) 




l(^_(X/(p + cev)-X.np),p_^(p))l 


^ L L l«/./'I^D^md 

i=l//=l 


/R3 


IZi(x)| 


//,x(P + £ev)-/4(p) 


- dp-flxiP) 


dx Il'PlI 


(46) 


Since (l46l ) holds for all d> G 3'qed with ||<I>|| = 1, we have 
K+{^ + £^y)-K+{^) 


-'P-E(p) 


^ L L l«//kDCr{d ( 

,/=l//=l wit 


//,x(p + £ev)-/,'x(p) ri ( . 

"p''/i,x(Py 


dx II'PII ^0, 


as £ —)• 0. Thus .k'+(p)*P is strongly differentiable. Similarly, it is proven that (p)*P, 
and r^'^(p)'P are strongly differentiable for all p G R^\Od- ■ 


Lemma 4.4 For all G !D(//d), it holds that 

(i) [//d,^.(/)]°(^,'P) = - , 

(ii) [//d,^/.(/)]°(^,'P) = - ■ 

(Proof) It holds that for all <I> G 

Let 'P G D{H,n). Then 


25 
















and hence, 


Since 3 “q^.^^.(I)(g)m)) is a core of Hd and bs{f) is bounded, (|47]) holds for all <I> G D(//d). Hence 
(i) follows. Similarly, we can also prove (ii). ■ 


Proposition 4.5 (Electron-Positron Pull-Through Formula) 

Assume (A.l) - (A.3). Then that 

(i) ((7,(p) (g) - Eo{H,„) + a)M(p))^' (p) + (p) + ^^^(p)) ^m, 

(ii) {ds{p) (g) = {Hm-Eo{Hm) + a)M(p))^^ (Ki.s:7(p) + Kii(S7(p) + r^^(p)) 'Em, 

for almost everywhere p G R^. 

(Proof) Let <I>, G D(/4i)- By Lemma l4^ (i). we have 

= - (d>, (b.icoMf) (g t)^m) + Ki[H,Mf) <g + MHiiAif) <g 

On the other hand, = Eq{H, yields that 

[H,n,b,{f) ® U]°(d>,'P™) = mn-Eo{H,n))<^, {b,{f) ® U)*!^,,,) . 

Then, we have 

((//™ -Eo(^«,))^, M) ® U)*!^^) + (<!>, {b,{coMf) ® 

= ® ® a]0(d>,'T,„). 

By Lemma l4Tl it follows that 

^ 3 /(p)* {{Hm-EQ{Hm) + a)M(p))‘I’, (bsip) <g ) dp 

= J^jip)* (d>, (k-i/:/(p) + K:n(S+(p) + r/(p)) 'T,) dp. (48) 

Since (1481 ) holds for all / G L^(R^), it follows that 

{{H,n-Eo{H,n) + a)M(p))^,(^^(p)® a)*!^,,,) = (<I>, (p) + Kii{S+ (p) + 7;+(p))'T„,), 

for almost everywhere p G R^. This implies that ((^^(p) (g) a)'T,„ G !)(//,„) and 

iH„^-Eo{H,n) + mM(p))(^.(p) ® a)'T,„ = {kiK+{p) + K:ii(S+(p) + r/(p)) 'T„, (49) 

From (l49l ). we obtain (i). Similarly, (ii) is also proven. ■ 
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Theorem 4.6 (Electron-Positron Derivative Bounds) 

Assume (A.l) - (A.5). Then, it holds that for all p G R^\Od and 0 < e < 


(i) ||5pv(ft^(p)(g)l)'P^|| < (^(Lg 

(ii) ||5pv(J^(p)(g)]l)'P„,|| < ((Lg 


C(p)- 


Here are functions satisfying G L^(R^), 5 = ±1/2, v = 1, • • • ,3. 

(Proof) Let /?m,M(p) = {Hm — Eo{H,„) + 0)m{p))^^ ■ From Proposition 1431 it holds that for all <f> G 
Tqed with ||d>|| = 1, 


{^,dp^{bs{p) (8) ll)'Pm) = Ki (p)'Pm) ± Kil {^,dpvR,n^M{p)S^ (p)'Fm) 

± fCn {^,dpvR^^M{p)T/{p)^m) ■ 

Here we evaluate the three terms in the right-hand side of (l50l) as follows. 

(First term) We see that 

(<I>, dpvR^^Mip)K,^ (p)'Fm) 

= “L L f/i(p) / Zi(x)e^'‘’*(f?m,M(p)^, (w(x)®Ay(x))'F,„)r/x 

j=ii.i’=i V 


(50) 


3 4 


= “L L «//'i (4^//(P)) / 'P* m(p)^, (w(x)®A/x))'F,„)r/x 

;=l//=! 


/R3 


- ifs (p) / e 'P* (/?,„, m ( p )^, iwi' (x) ( 8 ) Ay(x))'F,„) r/x 

2r3 


/i(p)p' 


(OmIp) 2r3 

Since ||/?,„,m(p)|| < ^ and ||<I>|| = 1, we have 


Xi{'x)e 'P* (/?,„,m(p)^^, (w(x) (8)Aj(x))'Fm) dx \ . 


D^rad 

M 


||;ti||^.||(]l®(//,ad.,«±l)'/")T,„||, 


/' ; 

< II |x|;ti||i. 11(11 0 (//rad,m ± l)'/")‘Fm||, 


f Xi(x)e 'P’‘(/?m,M(p)d>, (w(x)<8)A;(x))T„,)<ix 
Jr3 

[ Xi(x).r''e^'P*(f;,„,M(p)d>, (v//'(x)0Aj(x))Tm)dx 

JR3 

Xi(x)e^'P ’‘ (f;,„,M(p)^‘F, (W(x) 0 Ay(x))'T,„) c/x 
It is seen that ||(1 0 ± l)^/^)'Fm|| < ||^o,m'Fm|| ± ||'Fm|| = ||^o,m'Fm|| ± L and hence. 


M 

i' j 
■^D^d 

m2 


||Xl|Ll||(ll0(//,ad,™±l)'/")'T,„||. 


\dpv (<I>,7?„,,M(p)^/(p)'Fm)| 

< II(i + |x|)ziIIli L L ^D4d 


\dp-fKp)\ l//(p)l l//(p)l 

M M 


//o,A||±l . (51) 
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(Second term) It is seen that 


/=1 \ JR3xR3 |X —y| / 

= - 11 (dp^fRp)) I y (/?,„,m(p)‘I>, (P(x)i///(y) ® l))^nr)dxdy 

“ L jr3xr3 |x —y| 

-ifsip) I ^Ii(x);yii(y) ^y^_,p.y (p(x)i/r/(y) 0 l))*y,„)dxdy 

dR3xR3 |x-y| 

y (/?„,m(p)"<I>, (p(x)i/r,(y) ® U))*!^^) r/xr/y) . (52) 

ft)M(p) 2r3xR 3 |x-y| ' J 

By evaluating the right-hand side of (l52l) . we have 

|ap-(<i>,R„,«(p)x,+(p)'p„)| < ii(i + |xi)»iit,^t (c(;)Vt(2R:^+2M+2L^ 

(53) 

(Third term) We see that 



{<i>,dpvR„pMip)T,^{p)'i'm) 

= - L 4'" (fsip) f y (Yi{x)p{y) (g) ]l))'T„,)rixr/y^ 

/=i V 2 r3xr 3 |x-y| / 

= - L |(^p"/i(p)) ^nWWjOg-rpy (vA/(x)p(y)) ® ]l))'T,„)r/xriy 

-'■//(p) [ ^"|(x)^ii|(^) yVg~'Py (7?^;i^(p)d>, (t/r/(x)p(y))(8) ]l))*P„Jrixriy 

JR3xR3 |x —y| 

~'I^X3xR3 (^»(,m(p)^^, (t/r,(x)p(y))(g]l))'T„)rixriy) . (54) 

We estimate the right-hand side of the absolute value of (l54l) . and then, 


ppv(d>,/?„,M(p)7;+(p)'B„,)l<ll(i + l*l);^illL> t 

/,/'=! 


From (l5TI) . (l5^ and (l55]) . we have 


I4^//(P)I I//(P)I I//(P)I \ 

M M )' 

(55) 


|(<I>,4v(Z7,(p)®]1)»F^)| 

( \^P^fs{P)\ , I//(P)I , I//(P)I 

“ + V M M m2 


(|'^i|||^o,m'I^M|| + |x:i|+2|tCn|) 


wherec+= ||(l-|-|x|);i^i||^i xmax 


I I l«//'|cDc/ad> I 1. By the definition of// (p) = 

;=1/'=1 ’ l'=l 
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where 


1 ^ / f\dp-xM\ , \XD{p)dpvui{p)\ ^ |;^d(p)| , |ZD(p)|^ 

V ^ M +M+M2y'- 

We see that (l56l) holds for all <I> G 3'qed with ||d>|| = 1, and this implies that 

||5pv(Z7^(p)(g)]l)'P„,)|| <f^^+(p) (^|K:i|||//o,m'I^m|| + |Kj|+2|K:nQ. 

From Lemma it holds that for all 

||-^fo,m'I^;n|| < f-e|| +^e||'I^m|| = f-e-E'o(-^^m) +^e- 
Thus (i) is obtained. Similarly, (ii) is also proven in a same way as (i). ■ 

4.2 Photon Derivative Bound 

In a similar to the Dirac field, we introduce the distribution kernel of the annihilation operator for 
the radiation field. For all 'F = }” o ^ 2^(^rad,m), we define ^^(k), by 

- ,k,0 = 5,pV^^'F|r+‘^(k,ki,--- ,k„), p = 1,2. 

It holds that 

(d>,a,(/i)'F) = [ / 2 (k)*(d>,a,(k)'F)r/k, <I> G T„d, 'F e D(//„d,m). (57) 

7r3 

Lemma 4.7 Assume (A.2). Then for all d>,'F G 2)(//rad,m), 

(i) [//rad,m ,a.(/i)]°(<I>,'F) = (d>,a,(m„,/r)'F), 

(ii) [Ay(x),a,(/ 2 )]°(<I>,'F) = -{h,hl,.) ■ 

(Proof) It holds that for all 4> G J^^5(2)(co„i)), 

[Aj{x),al{h)]^ = ihi,,h)^. 


In a similar way to Lemma l4^ we can prove (i) by (l5^ and (ii) by (l59l ). ■ 


(58) 

(59) 











Lemma 4.8 Assume (A.l) - (A.3). Then 

(i) it holds that for all G 

[//i,]l®a,(/j)]0(d>,'T) = [ h{k)*{^,Q,{k)^>)dk. 

dR3 

Here Qr{k) is an operator which satisfy 

3 f 

(d>, Qr{k)^>) = -Y. L Xi{^)hU^) (</^^(x)aV(x) ® dx 

,/=i 

with ||(2r(k)|| < IIZiIIlI I L Wrik)\ |a//,| |c[)| |4|. 
j=llJ'=l 

(ii) Additionally assume (A.4) and (A.6). Then, Qr{k)^^ is strongly differential for all k G R^\Orad- 
(Prool^ (i) Let <I> G T>{Hm) From Lemma 14771 



We define ir,k '■ 3'qed ® IFqed — > C by 

4k(‘I>','F') = -£/j/(k) [ ;^:i(x>-''^*((t//^(x)aV(x)®Il)‘I>',r)r/x 

7=1 

3 4. 

We see that |^rk(‘I’7*F')| < ||;|^i||/,i L L |/^r(k)| |a/,,| |cq| |cq| ||d>'|| ||'F'||. By Riesz representa- 

7=1//=i 

tion theorem, we can define an operator Qr{k) such fhaf Then we 

have 

[//i,ii®a,(/)]0(<i>,'T)= / h{kyerM{^,^>)dk= [ /i(k)*(d>,er(k)'F)dk. 

JR3 JR3 

Then (i) is obfained. 

(ii) The sfrong differenfiabilify of 2r(k)'T is proven by (A.4) and (A.6) in a similar way fo Lemma 
14.31 and fhe proof is omitted. ■. 


Proposition 4.9 (Photon Pull-Through Formula) 

Assume (A.l) - (A.3). Then if holds fhaf for almosf everywhere k G R^, 

(]l®a,(k))'P,„ = Ki{H^-Eo{H„) + (0,n{ii)y'Qr(}i)^m- (61) 
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(Proof) Let <I> G By Lemma l477] (i). 

[H,„, n (8)a^(/i)]°(4>,'P,„) = - (4>, {ii^ar{(Omh))^m) + [Hi, n (g)a^(/i)]°(4>,'P,„). 

It also holds that 

Then we have 

((//„, -£'o(//„,))4>, (U (8)a^(/z))'Pm) + (^, ii®ar{(0,nh))^^,„) = Ki[Hi, 11 (g)a^(/i)](d>,'P,„). 

By Lemma ITH 

[ h{kY{{H„,-Eo{H^) + (o,n(k))^,{t^ar{k))^>„,)dk=Ki [ /i(k)*(d>,G,(k)'P™)dk. (62) 
JR3 JR3 

Note that (l62l) holds for all /z G L^(R^). Then we have 

{iH^-EoiH^) + (oUk))^,il^ar(k))%„) = (<D, KiQr{k)^'^), (63) 

for almost everywhere k G R^. In addition, (l6^ yields that (I (8)a,.(k))'P„, G T){Hm) and 

{H,n-Eo{H,n) + a)„,(k))(]l (8)ar(k))'Pm = Kie^(k)'P„,. 

Thus the proof is obtained. ■ 

Theorem 4.10 (Photon Derivative Bounds) 

Assume (A.1)-(A.4) and (A.6). Then it holds that for all k G R^\Ol■ad^ 

||5,v(l®a,(k))'P^||<|K-i|F/(k) 

where E/ is a function which satisfy E/ G L^(R^). 

(Proof) 

Let Rm{k) = (//,„—£'o(//m) + Wm(k))^^. From Proposition 14.91 it holds that U (g) ar(k)*Pm = 
^m(k)Gr(k)'Pm- Then for all <I> G Tqed, 

= (<I>,5^v(]l(8)ar(k))'P„,) 
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By estimating the absolute value of the right-hand side of (IMl) . we have 


< II(i + |x|)ziIIli|k-iI L L K'lkollcD 

y=i/,/'=! 


( \d,.hi{k)\ \hi{k)\ \hi{k)\ \ 

m,„(k) m,„(k) m,„(k)2^ ' 


From the definition of hj- (k) 


V2(2;r)3(B(k) 


, we have 


dk^hliy) 


1 ( (^PZrad(k))g/(k) , ;|:rad(k)^pg/(k) l ;i:rad(k)F ^ 

^J2{2ti:Y y a)(k)V2 a)(k)V2 2 a)(k)V2 j • 


Hence, it holds that 

|(<I>,5,v(]l®n,(k))'F™)| < |K:i|F;(k), (65) 

where 


f;(k) 


II(i + |x|)ziIIl. 

y/2(^ 




/ |5/t''Zrad(k)| -h |Zrad(k)5Fg/(k)| -f |Zrad(k)| 
m(k)3/2 


3 |Zrad(k)| \ 1 

2 m(k)V2 j j ■ 


Since (1^ holds for all d> G IFqed, we have 

||5iv(]l (g)n^(k))'Fm|| <|Ki|F/(k). 

The condition (A.6) yields that F/ G L2(r 3), and hence the proof is obtained. ■ 


5 Proof of Theorem 12.11 

Let {'F„,}m>o be the sequence of the normalized ground state of H,„, m > 0. Then there exists a 
subsequence of with ni/+i < mj, j G N, such that the weak limit *Fo :=w-lim exists. 

Lemma 5.1 Suppose (A.l) - (A.3). Then, 

(i) Do is a common core of Hqed and H^, m> 0, and strongly converges to //qed on Do 

(ii) lim Eo{H,n) = £'o(^qed)- 

m—yoo 

(i) Since Dq is a core of //o,m> Dq is also a core of It is directly proven that lim H,„^^ = Hqeu^ 

m^O 

for all 'F G Do. 

(ii) We see that ('F,//m'F) > (*F,//qed*F) > £'o(^qed), for all *F G Do. Hence infFoC^m) > 

m>0 

Eo{H,n). From (i), it follows that //„, converges to //qed as m —)• 0 in the strong resolvent sense, and 

this yields that lirnsupFoC^m) < £^o(^qed)- Hence (ii) follows. ■ 

m-^O 


32 


















From Lemma [HI] (ii), we ean set 


E„ = sup\Eo{H,„ )\ <oo. 
jeN 


Lemma 5.2 (Number Operator Bounds) 
Suppose (A.l) - (A.6). Then, for all 0 < e < ^ 


olial 


(i) sup||(Ad/^®]1)'F;„J < + 


1/2 


(ii) sup 11 (U (g) . 11 < Co I k:i I 

j€N 


^rad 


m3/2 


where cq = 


- 3 4 

2(1^ J 


(Proof) (i) We see that || 0 ll)'Pm|p = ('Pm, (Ad (g) 1) 'Pm) < ||(Ad ® Il)'Pm||> and Corollary 

I3.10l vields that for all 0 < e < 

||(AD(gl)'Pm||<^||Am'Pm|| + ^||'P,„|| = ^£o(//«,) + §. 

Henee (i) follows. 

(ii) From the photon pull-through formula in Proposition I4.91 it follows that 


('Pm,(ll®Arad)'PM)= y [ ||(ll®a.(k))'Pmfdk 


= I '^ll' L / , \\iH,n - Eo{H,„) + mm(k))( 2 r(k)'Pmf elk 
r=l,2'^ 


/R3 


Lit K\H^‘o4y- 


2{27iy 2;=l/,/'=l 


I Xmd I 


dk 


( 66 ) 


From (l6^ . we obtain (ii). 


Proposition 5.3 Assume (A.1)-(A.6). Let E G C,^(R^) which satisfy 0 < F < 1 and F(x) = 1 for 
|x| < 1, and set Fr(x) = F(^). Let p = —/Vp and k = —/Vk. Then for all 0 < e < R>1 and 

R' >1, 


(i) SUpIKU -rf(F«(p))® l)'PmJ) < % 

jeN VR 

(ii) SUp||(]l®(]l-rb(F«,(k)))'Pm,||) < 

jeN V R 
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where 


and 


1/4 


U M 


1/2 


+{L,E^ + R, + l)\K,\+2\nM^ 


1/2 


C2 = |Kir'‘ Co 


^rad 


«V2 


1/2 


Co 


Xrad 


i=±l/2V=lT=± 
1/2 


0)3/2 


+ E Ellf.'lb 

r=l,2v=l . 


(Proof) It follows that (1 — rf(Fi?(p))^ < 1 — rf(F/;(p)) < r/rf(l — Fr(p)), and then, 
||((ii -rf(F«(p))® ii)^,^ < ('P,„,(jrf(i -f«(p))® 

{{bs{p) <8) l)'Pm, (1 -Fr(p))(/7^(p) (g) 


I 

i=±l/2 

+ 


R3 


{{ds{p)(Sii)'¥,„,{\-FR{p)){d,{p)(S)i)'¥,„)dp \ . 


(67) 


We evaluate the two terms in the right-hand side of (l67]) . The first term is estimated as 

[ ((Z7,(p)®ll)'P„„(l-F«(p))(/7,(p)®l)'P,„)r/p 
7r3 


1/2 

<{ I^J{bs{p)^t)%nrdp] X 


R3 


- F/;(p)) (Zi, (p) (g) n)'P,„ Ip dp 


1/2 


= ||(/V+®1)'/2'P^|| X ^J|(l-F/j(p))(Zi,(p)®Il)'P„ 


"dp 


1/2 


It is seen that 


/R3 


- Fr( p)) (Zi^ (p) (g) U)'P,„ f dp 


< 4^311(1-F«(p)) y^^(Z7,(p) (g) Il)'P„,f dp 

3 o /n'')2 

+ 4 I / , 11(1 -7f(p)) (bsip) (g dp. 

v=i 1 T P 


Note that for all p € R^, 


sup 

PGR3 


(1-Fr(p)) 


l+p2 


1 

sup 

^ P£R3 


(1-7f(p)) 


l+p2 


1 

< 

“ R 
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Then by the electron derivative bounds in Theorem l4.6l (i) and the spectral decomposition theorem, 
we have 


[ 11 ( 1 -f«(p))(Z7^(p)(8)ll)'l^m||^rip 
JR3 

< ^^3 t/p + ^ £ ^3 \\dpv{b,{p)01l)^'^f dp 

where c,„(e) = 1{Li,Eq{H,„) +Re + l)|Ki| +4|fCn|. Therefore, 


[ (bsip) <8) (1 - fR(p))(^i(p) ® Il)'T„,)rip 

4R3 

( 68 ) 

V=1 / 

In a same way as the first term, we can estimate the second term in the right-hand side of (167] ) by 
the positron derivative bounds in Theorem l4.6l (ii). and then. 


<||(iV+®]l)l/ 2 »I/„,||x 


/?2 


||(iv+®ii)i/ 2 »p„,|| + : 


R 


/R3 


{ds{p) ® ll)'Pm, (I - FR{p)){dsip) ® Il)'Pm)<5?P 


< II {N^ ® X f^ll (% ® ^ t 


\\E 


v=l 


From (IMI) and (l69l ). we have for all 7? > 1, 


(69) 


||((ii-rf(F«(p)))®ii)'T^f 

I ll(A^D®l)‘/''I^m|| (2||(iV5®a)'/''I^m||+C™(£) I Illf.^rlbV (VO) 

^T=± V .V=±1/2V=1 / 

From Lemma ls!2] (i). 


/L R \ 

sup II {N^ (g) Il)^/^'F„jj II < sup II (A^d ® Il)^(^'Fmj II < ( tjF'oo + 77 ) 

;eN jeN 44 y 

and we see that 

sup Cm 3 . ~ {'^i^e^o{Hmj) +^e + 1)1 ^q| +4| tCnl) < 2{LgEoo + Re + 1)| ^ri| +4| Kli|. 

7€N ;€N 

Hence (i) follows. 

(ii) In a similar way to the proof of (i), it follows that (1 — rb(F«/(k)))2 < I — rb(Fs'(k)) < 
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jrb(l —Fii'{k)), and hence, 

11(1 -rb(Il (II ®^/rb(l -F^Kk))) 

= Y. [ ((fl®«r(k))'F„„(l-F«,(k))(l®a,(k))'F^)dk. (71) 

27r3 


We see that 

((l(8)a^(k))'F„„(l -FR/(k))(l(8)a^(k))'F„,)t/k 

= II(1®0'J^«II>< (^3l|(l-^b,i?')(fl®«r(k))'F,4"jk^ ' . 

By the photon derivative bounds in Theorem 14.101 and the spectral decomposition theorem, 

[ ||(l-F«,(k))(l®fl,(k))'T,„fr/k 

7r3 

<4^J|(l-Ffi.(k))Y^(ll®«.(k))'B,„fr/k 

+ 4 I 11(1-^«'(k)) ^ (1 ®a,(k))'T,„fr/k 

< ^^J|(a®fl,-(k))'B,„f dk + ^ £ ^J|5,v(l®a,(k))'T,„f Jk 

< iy^3 i^’;(k)p^k. 

Then we have 

f ((l(8)a^(k))'T;„,(l -FR/(k))(l(g)a^(k))'Tm)<ik 
J 

( 23 \ 

T||(, £ ||F;||2,j , 

and hence, for all R' > I, 


\\{{t-mt®FR,{k)))^>,nf 

< X ( ll(fl®A^rad'm«|| + |tCl| £ £ ||F;||^. ] . (72) 

^ \ ,-=l,2v=l / 


From Lemma [ 5 ( 2 ] (ii), it holds that sup ||(1 'S'\ \ < co|Ki| 

jeN ' 


obtained. ■ 


.^rad 

o3/2’ 


. Therefore the proof is 
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(Proof of Theorem 12.11) 

From Proposition 15.11 and a general theorem (|[3l ; Lemmma 4.9), it is enough to show that w- 
lim 'Pm / 0. We see that 


Id ® Irad = (Id — rf(Fi?(p)) (g) Irad + rf(FK(p)) (g) (Irad “ rb(FR'(k))) 

+ rf(F«(p)) ® (F«,(k))%.,([0,n])) +rf(F«(p)) ® 

Then by Proposition [531 we have for all 0 < £ < /? > 1 and /?'>!, 

II (rf(F«(p)) (g (rb(F«,(k))%^,([0,n]))) 'Pm, II 
^ 1 ( II ((^^D — rf(FK(p)))(g) Ilrad)'Pm, || 

+ 11 (Id® (Irad — rb(FR'(k)))'Pm^ || + II (^D ® ^1| ^ • 

> 1 - (^ + ^ + ||(IlD®E»„([n+ . 


It is seen that 


v/;^||(]lD®%ad([«+l,-))mn,-|| < ||(lD®<^mn,-|| <Co|k:i' 

Then from Lemma I53l (ii). we have 


mV 2 


where C 3 = co|fC[| 


Zrad 


£bV2 


SUp||(llD®%ad([«+l>°°)))'J'm,-|| < , ,^!xi/2 - 

j>i (n+l)'/^ 

. Then it follows that 


||rf(F«(p)®(rb(F«.(k)%ad([o,«]))%r,ll + | + • 

We also see that 


C 3 


(73) 


||rf(F«(p)) (g (F«,(k))F;v,ad([0,«]))'Pm, f 

= ((//o + i)%ad([o,«])'P,„,3^o + i)-'(rf(F«(p)2)®(rb(f«Kk)')%ad([o,«])))'PM^^ 
<||(//o + l)'Pm,||||(//o + l)-'(rf(F«(p)2)®(rb(F«Kk)')%ad([0,«])))'PMj. 

We see that \\{Ho + 1 )'Pm, || < ll^o'Pm, || + 1 < H^o.mj'Pm, || + 1 and Lemma [+9] yields that 

ll^Om-'Pm ll < — ||//m 'Pm-|| + — < —E^ + —. 

II U,m, m, m,||^^_^ 

Then we have 


||rf(F«(p))®(F«,(k))%ad([0,«]))'I^m,ll 

< C4.e\\{Ho + ir' ((rf(F«(p))® (rb(F«,(k)2)F^,.^^([0,n])))) 'Pm,|r/2^ (74) 
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where C 4 ,e = + 1)^/^. From (O and (1741) 


2 


||(//o + l)-'rf(F«(p)2)®(rb(F«,(k)2£^^^,([0,n]))'F,„ 



Cl,e , C2 C3 

(n+ 1)^/2 


Since (//o + l) ^ (rf(FR(p)2) 0 (rb(FR/(k)2)%^_j([0,n])))) is compact, we have 


||(//o + l)-^rf(F;;(p)2)0(rb(F^Kk)^)%ad([O4^]))^o||>^(l-(^ + ^+ ^^^^'']^j/2 

(75) 

where we set 'Fq = w- lim 'F„, . Then for sufficiently large R > 0, R' > 0 and n > 0, the right-hand 

j^OO ■' 

side of (1751) is greater than zero, and hence 'Fq ^ 0. 



(Multiplicity) Assume dim ker {H — Eq{Hqed)) = Let 'F/, Z S N, be the ground states. Let 
M be the closure of the linear hull of {'F/}J1 q. Then TCqed is decomposed as TCqed = M0 
Let {<F/}^o be a complete orthogonal system of We can set a complete orthonormal system 
{S/}J1 q of TCqed by S 2/-1 = *F/ and S 2 / = ‘F/ for all Z G N. Since {S/}^q is a complete orthonor¬ 
mal system , w-limS/ = 0. On the other hand, S 2/-1 is ground state for all Z G N, and hence 

/— ^00 

HqeuEzi-i = £'o(^qed)S 2 /-i- In a same argument of the proof of the existence of the ground state, 
we have 


||(//o + l)-'rf(F«(p)2)0(rb(F«,(k)')%,([O,n]))S2/-i 




C2 

C3 U 

l\/R 


(n+iy/^JJ 


(76) 


where ci,e and C 4 ,e are the constants ci e and ci g replacing with £'o(//qed)- Then by taking 
sufficiently large R > 0, R' > 0 and n > 0, we have w-limS 2 /-i / 0, but this is contradict to w- 

/—yoo 

lim E/ = 0. Hence dim ker (//qed — L^o(^qed)) < °°. ■ 

/—yoo 


2 


[Concluding remarks] 

(1) The case of Massless Dirac field 

It is not realistic model, but we can consider the system of a massless Dirac field coupled fo fhe 
radiafion field. In such a case, by replacing (A.5) wifh similar condifions fo (A.6), we can also 
prove fhe existence of fhe ground slate in a same ways as //qed- 

(2) Infrared divergent problem 

For some systems of parficles coupled fo massless Bose fields, fhe existence of fhe ground states 
without infrared regularity conditions was obtained (refer to e.g., Bach-Frdhlich-Sigal O, Griesemer- 
Lieb-Loss |[T6l and Hasler-Herbst lITSl ). and non-existence of the ground states for other other 
systems was also investigated (see e.g., Arai-Hirokawa-Hiroshima 0)- To prove the existence or 
non-existence of the ground state of //qed without infrared regularity conditions is left for future 
study. 
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